We obtain new solutions of topologically massive gravity. We find the general Kundt solutions, which in three dimensions are spacetimes admitting an expansion-free null geodesic congruence. The solutions are generically of algebraic type II, but special cases are types III, N or D. Those of type D are the known spacelike-squashed AdS 3 solutions, and of type N are the known AdS pp-waves or new solutions. Those of types II and III are the first known solutions of these algebraic types. We present explicitly the Kundt solutions that are CSI spacetimes, for which all scalar polynomial curvature invariants are constant, whereas for the general case we reduce the field equations to a series of ordinary differential equations.
Introduction
Topologically massive gravity (TMG) [1, 2, 3] is a three-dimensional gravitational theory described by the field equation
where C µν = ǫ µ ρσ ∇ ρ (R σν − 1 4 Rg σν ) is the Cotton tensor. We shall mostly take Λ = −m 2 to be negative, but sometimes take m = 0 or Λ = m 2 > 0. Of particular recent interest [4] has been the theory at the chiral point, which has µ = m = √ −Λ. Like in Einstein gravity, there are trivial solutions that are maximally symmetric; these are characterized in TMG as being the only Einstein solutions, or equivalently the only solutions with a vanishing
Cotton tensor.
In a previous paper [5] , the known exact solutions of TMG were reviewed. Although there are many solutions in the literature, obtained by different approaches, it was found that many of these are locally the same, related by coordinate transformations. In particular, in the presence of a non-vanishing cosmological constant, all non-trivial solutions in the literature are locally one of three ubiquitous solutions [5] :
1. Timelike-squashed AdS 3 , 2. Spacelike-squashed AdS 3 ,
AdS pp-waves.
It is surprising that so many different approaches should all lead the same three solutions.
In the absence of a cosmological constant, the only further solution known is a triaxial squashing of AdS 3 , rather than just the biaxial squashing that are timelike-and spacelikesquashed AdS 3 . This motivates us to ask: are these the only solutions of TMG? In this paper, we shall search for and obtain further solutions.
Before proceeding with this task, we should gain some understanding of why finding further solutions of TMG has been hard. We recall a few results in the literature that place constraints on possible solutions, and so provide some reasons why so few solutions are known.
One usually expects the simplest exact solutions of a theory to be static, or more generally to admit a hypersurface-orthogonal Killing vector. In the context of TMG, one might try to find such solutions. However, it has been shown [6, 7, 8] that, if the hypersurface-orthogonal Killing vector is non-null 1 , such solutions are Einstein. In particular, there are no static solutions that are not Einstein. This is a strong constraint, and is the main reason why few exact solutions of TMG are known.
However, there are non-Einstein solutions that are stationary but not static, such as the squashed AdS 3 solutions. A weaker assumption involving Killing vectors would be to assume two commuting Killing vectors -one timelike and one spacelike -that are not hypersurface-orthogonal. The problem of finding such solutions of TMG can be reduced to a particle motion problem in a three-dimensional Minkowski spacetime [9] . Using this formalism, it has been shown that the only stationary and rotationally symmetric solutions of chiral gravity, which has certain asymptotic behaviour and a particular value of the gravitational Chern-Simons coupling constant, are locally AdS 3 [10] .
The three solutions that are ubiquitous in the literature can be characterized in a simple coordinate-invariant manner. The timelike-and spacelike-squashed AdS 3 solutions are the only algebraic type D solutions [5] , and the AdS pp-waves are the only solutions that admit a null Killing vector [11] .
Given these results, but anticipating that we shall find more solutions, we are motivated to ask: is TMG so constrained that it is feasible to find all exact solutions? Less ambitiously, one could restrict to particular values of the coupling constant and to certain asymptotic behaviour, but in this paper we do not impose such restrictions and search for local metrics that solve TMG, regardless of their asymptotics.
As an initial step in finding and classifying further solutions, we shall take an approach that has been used in four-dimensional general relativity, where it gives some important classes of exact solutions. The approach is to consider spacetimes that admit a "special" null vector field k µ . For example, the requirement that a spacetime admits a null Killing vector field is a strong restriction: all such vacuum solutions of four-dimensional Einstein gravity (without a cosmological constant) are known [12] (see also Chapter 24 of [13] ). If the null Killing vector is covariantly constant, i.e. ∇ µ k ν = 0, then the solutions are (by definition) pp-waves.
The pp-wave spacetimes are special cases of a larger class of spacetimes admitting a special null vector field: the Kundt spacetimes. These are spacetimes admitting a null geodesic vector field that is expansion-free, shear-free and twist-free (see, for example, Chapter 31 of [13] ). A further complication would be to drop the expansion-free condition ∇ µ k µ = 0, so that we have a spacetime admitting a null geodesic vector field that is expanding, shear-free 1 [6] clearly uses the non-null property, even though it is not explicitly stated.
and twist-free; these are the Robinson-Trautman spacetimes (see, for example, Chapter 28 of [13] ).
Recently, there have been studies, in general (higher) dimensions, of Kundt spacetimes [14, 15] , and of Robinson-Trautman spacetimes [16] . In general dimensions, Kundt and
Robinson-Trautman spacetimes are defined by the above conditions on the expansion, shear and twist of a null geodesic vector field. However, in three dimensions a null geodesic vector field is automatically shear-free and twist-free. Therefore the Kundt and RobinsonTrautman spacetimes have perhaps more significance in three dimensions, since they exhaust the Lorentzian geometries.
A common property of the existing solutions of TMG is that all scalars constructed as polynomials in the curvature and its derivatives are constant; such spacetimes are called constant scalar invariant (CSI) spacetimes [17] . All CSI spacetimes are known in three dimensions [18] (they have also recently been investigated in four dimensions [19] ). The initial classification is into two classes: locally homogeneous spacetimes, and Kundt spacetimes (or possibly both). This is a further motivation for studying the Kundt spacetimes as solutions of TMG.
In this paper, we shall find the most general Kundt spacetime that solves TMG, finding several classes of new solutions. By this, we mean that we can reduce the problem to solving a series of three ordinary differential equations, one of which is non-linear, whereas the other two are linear. However, for the CSI solutions of TMG, we are able to present the metrics explicitly by solving the differential equations explicitly. 2 Kundt Solutions of Topologically Massive Gravity
Kundt spacetimes
To define the Kundt spacetimes, we first review null geodesic congruences, focusing on 3 dimensions. Suppose that k µ is a null geodesic congruence, so k µ ∇ µ k ν = 0. For null geodesic congruences in general dimensions D ≥ 3, we define the following optical scalars:
An alternative approach to defining these scalars is to project ∇ µ k ν onto a (D − 2)-dimensional subspace by introducing an auxiliary null vector field l µ that satisfies k µ l µ = −1.
We define the projection 
where the expansion is θ, the shear (matrix) σ ij is symmetric and traceless, and the twist (matrix) ω ij is antisymmetric. Although σ ij and ω ij depend on the choice of l µ , if they vanish for one choice of l µ , then they vanish for all choices. The (scalar) shear σ 2 = σ ij σ ij and the (scalar) twist ω 2 = ω ij ω ij are independent of the choice of l µ .
If the spacetime is 3-dimensional, then the projection is onto a 1-dimensional subspace, and so we have
where m µ m µ = 1 and k µ m µ = l µ m µ = 0. Then we can expand dk = ∂ µ k ν dx µ ∧ dx ν in terms of the basis (k ∧ l, k ∧ m, l ∧ m). Since k is null and geodesic, we have
Therefore dk is proportional (up to a scalar function) to k ∧ m, or equivalently * dk is proportional to l. Hence k must be hypersurface-orthogonal, i.e. k ∧ dk = 0. From the 3-dimensional perspective, the twist vanishes because * dk is proportional to l, which is null, and the shear vanishes as a consequence of k µ ∇ (µ k ν) = 0 implying that ∇ (µ k ν) is a linear combination (with scalar function coefficients) of k µ k ν , k (µ m ν) and m µ m ν . A shorter argument is thatB ij is defined on a 1-dimensional subspace, so the shear σ ij and the twist ω ij trivially vanish, or equivalently σ 2 and ω 2 vanish. In summary, every null geodesic congruence of a three-dimensional spacetime is shear-free and twist-free.
The defining property of a D-dimensional Kundt spacetime is a metric admitting a null geodesic vector field k µ that is:
In three dimensions, a Kundt spacetime is simply one that admits an expansion-free null geodesic congruence. Similarly, a three-dimensional spacetime that admits an expanding null geodesic congruence, i.e. with ∇ µ k µ = 0, is a Robinson-Trautman spacetime.
Turning to TMG, we shall see that the AdS pp-wave solution and the biaxial spacelike- Killing vector [11] . Supersymmetry means that a solution possesses a Killing spinor ǫ, which in turn induces a null Killing vector field k µ = ǫγ µ ǫ. Perhaps surprisingly, in topologically massive supergravity the converse is true: a spacetime that admits a null Killing vector is supersymmetric (provided the orientation is correctly chosen). All such spacetimes can be written in generalized Kerr-Schild form,
where η µν is a "background" metric that is AdS 3 , k µ dx µ is a 1-form that is null with respect to both the AdS 3 background metric and the full metric, and f is a scalar function.
General Kundt solutions
We now seek some new local metrics that give solutions of TMG by considering Kundt spacetimes. Despite TMG being a higher-derivative theory, the field equation is still linear in curvature, and so the calculations and results bear some similarity to those for Kundt solutions of four-dimensional Einstein gravity.
A general three-dimensional Kundt spacetime can be written in the form
By the coordinate transformation ρ ′ = dρ/P (u, ρ), which maintains the general form of the metric, we henceforth take P (u, ρ) = 1. Our orientation convention is ǫ vuρ = 1. The null vector in the definition of a Kundt spacetime is k µ ∂ µ = ∂/∂v, which has associated 1-form k µ dx µ = du. We shall use˙to denote ∂/∂u, and ′ to denote ∂/∂ρ.
Consider a Kundt spacetime that is a solution of TMG. The vv component of the field equation gives ∂ 3 W/∂v 3 = 0, and hence W is of the form
Then the vρ component of the field equation gives ∂ 3 f /∂v 3 = 4µW 2 (u, ρ). Therefore f is of the form 6) and so
Since a solution of TMG has a constant Ricci scalar R = 6Λ, we therefore have f 3 = 0, and so W 2 = 0. In fact, more generally, for three-dimensional Kundt spacetimes solving G µν = 8πT µν , with T vρ = 0 and ∂ v T µ µ = 0, f must be quadratic in v and W must be linear in v, which is a special case of an analogous result in general dimensions [14] . It follows that
It is useful at this point to give the coordinate transformations that leave the general form of such a Kundt metric invariant. This form of the metric is preserved by the coordinate changes (see, for example, [14] ) 9) where in this context we use˙to denote differentiation with respect to the transformed coordinate u:u = du/d u. Under these coordinate changes, the metric becomes
with
Next, the vu or ρρ component of the field equation gives, written in a suggestive way,
from which we can solve for W 1 (u, ρ). The general solution involves two constants of integration, but if W 1 (ρ) is a solution, then so too is W 1 (ρ + c(u)), for arbitrary c(u). Therefore one constant of integration can be removed by the coordinate transformation ρ → ρ − c(u),
provided that W 1 is not independent of ρ. Two particularly simple classes of solutions are
; we shall study these in more detail later. Having obtained W 1 , a coordinate transformation of the form v = v + F (u, ρ) means that we can set W 0 = 0.
Then the uρ component of the field equation gives
from which we can obtain f 1 (u, ρ). The general solution is of the form 
a linear ordinary differential equation, from which we can obtain f 0 (u, ρ).
In summary, a Kundt spacetime that is a solution of TMG can be put in the form (2.4),
where W 1 solves (2.12) and, provided that W 1 is not independent of ρ, can have a constant of integration removed by ρ → ρ − c(u), W 0 can be chosen to vanish, f 2 is given by (2.8), f 1 solves (2.13) and can be chosen so that f 1 = F (ρ)f 11 (u) with F ′ = 0, and f 0 solves (2.14).
There is still some coordinate freedom remaining, which we shall use in different ways when considering specific examples later.
Note that, for each allowable choice of W 1 , there is always a solution by taking f 0 = 0 and f 1 = 0. A more general solution, with f 0 and f 1 turned on, can be regarded as being of generalized Kerr-Schild form, as the f 0 = 0, f 1 = 0 "background" metric plus the square of a 1-form that is null with respect to both the background metric and the full metric.
Special Kundt solutions
We remarked that two particularly simple classes of solutions of (2.12) are W 1 = 2 3 µ and
In the latter case, W 1 can be chosen to be a function of ρ only. In Sections 3 and 4 respectively, we give such solutions explicitly, by explicitly solving the differential equations. Before doing so, however, we elaborate on why these solutions are special.
Algebraic classification
Algebraic classification of curvature is a useful tool for classifying spacetimes independent of coordinate systems. It has been used to show that many solutions in the TMG literature are locally equivalent by coordinate transformations [5] . For the formulation of the Petrov-Segre classification that we use here, see [5] , in particular Table 1 . In brief, it can be regarded as algebraic classification of the linear map given by the traceless Ricci tensor
, or equivalently of the map C µ ν , according to Jordan normal form. It is helpful to find the Petrov-Segre types for the Kundt solutions of TMG that we have just found, to reassure ourselves that they are indeed new, and to single out the most algebraically special solutions, which may be of more utility.
For the general Kundt solution, the eigenvalues of S µ ν are α and −2α with algebraic multiplicities 2 and 1 respectively, where type I is excluded because I 3 = 6J 2 . To more precisely determine the Petrov-Segre type, we can compute the minimal polynomial of S µ ν , comparing with the final column of Table   1 of [5] . In particular,
vanishes for types D and N, but does not vanish for types II and III. For the general Kundt solution, only the uu component does not vanish: • Type N if and only if W ′ 1 = 1 2 W 2 1 + 2Λ and f 11 = 0.
• Type III if and only if W ′ 1 = 1 2 W 2 1 + 2Λ and f 11 = 0.
• Type II otherwise. 
Constant scalar invariant spacetimes
A scalar polynomial curvature invariant is a scalar that is constructed as a polynomial in the curvature and its covariant derivatives. Such scalar invariants provide coordinateindependent information that may distinguish different geometries. A spacetime for which all the scalar polynomial invariants are constant is known as a constant scalar invariant (CSI) spacetime [17] .
A common property of the biaxially squashed AdS 3 and AdS pp-wave solutions is that they are CSI spacetimes. For the biaxially squashed AdS solutions, we can see this from
3 µǫ µνρ k ρ : any scalar polynomial curvature invariant reduces to a constant coefficient polynomial in k µ , which is a unit-normalized vector, so is constant. For the AdS pp-wave solution, we can see this from being able to write S µν in the form S µν = cf 1 (u)e −(3m+µ)ρ k µ k ν , where c is some constant and k µ is a null Killing vector, with ∇ µ k ν = −mǫ µνρ k ρ [11] .
All three-dimensional CSI spacetimes are known [18] , and an initial classification splits these into two classes: locally homogeneous spacetimes, and Kundt spacetimes (or possibly both). A three-dimensional CSI Kundt metric can be written in the form (2.4), with W and f of the form (2.15), and with
19)
for some constants σ, s and α. The classification of CSI Kundt spacetimes then splits into two cases: s = 2σ and s = 2σ.
We now demand that these geometries give solutions of TMG. To visualise why we have various branches of solutions in the W ′ 1 = 1 2 W 2 1 + 2Λ family, we can consider a phase portrait for the W 1 differential equation (2.12). By defining x = W 1 /µ and y = W ′ 1 /µ, we have
There is a fixed point at (x, y) = ( Note the analogy with four-dimensional Einstein gravity. In four dimensions, the type N solutions with a cosmological constant have been obtained in [23, 24, 25] (see [26] for a summary). The families of solutions have a similar structure: there are three families for Λ < 0, two families for Λ = 0, and one family for Λ > 0. 
Solutions
From (2.13), we have
and so ( 1 3 µ 2 + 3Λ) −1 e −2µρ/3 f 11 (u) allows us to set f 11 = 0, and so f 1 = 0. From (2.14), we have
The general solution of TMG that follows is
where f 0 satisfies (3.3).
Negative cosmological constant: For a negative cosmological constant Λ = −m 2 , we have
with f 01 , f 02 and f 03 arbitrary. However, we can set f 03 = 0 by a coordinate transformation of the form (2.9). Specifically, we take
which preserves W 0 = 0 and f 1 = 0, and take u( u) to satisfy the differential equation that removes f 03 :
where {u, u} :=
is the Schwarzian derivative of u with respect to u.
Zero cosmological constant:
Taking m = 0 in (3.5), we obtain the zero cosmological constant solution, which can be given in the form (3.4), where
with f 01 , f 02 and f 03 arbitrary. Again, we can set f 03 = 0 by coordinate transformations.
Positive cosmological constant: For a positive cosmological constant Λ = m 2 , we take m → im in (3.5), giving the solution (3.4), where
Properties
The We may also see the Petrov-Segre type by using the canonical forms of the traceless Ricci tensor, which are given in the third column of Table 1 of [5] . In this case, we have
where s is the unit spacelike vector s µ ∂ µ = ∂/∂ρ, which has associated 1-form s µ dx µ = dρ+ 2 3 µv du, and k is the null vector k µ ∂ µ = ∂/∂v, which has associated 1-form k µ dx µ = du, and which is orthogonal to s. The scalar function q is
where f 0 has f 03 = 0. From the form of S µν , we see that the solution generically has Petrov-Segre type II. In the special case of f 0 = 0, the solution has Petrov-Segre type D s .
The covariant derivatives of s and k are
Using (3.13), these derivatives, and that f ′′ 0 + 2µf ′ 0 + ( 5 9 µ 2 − 3Λ)f 0 = 0, we can check that the field equation (1.1) is solved.
The type D solution, or equivalently the f 0 = 0 solution, describes spacelike-squashed AdS 3 . We can explicitly see this by transforming the metric, which in this case is
Making the coordinate changesû =
Then making the coordinate changes t = 19) which is manifestly spacelike-squashed AdS 3 , written using Poincaré coordinates (t, x) for the AdS 2 part. Other coordinate systems used in the literature can be found in [5] .
Therefore the general Petrov-Segre type II CSI Kundt solution can be regarded as a deformation of spacelike-squashed AdS 3 . Furthermore, it can be regarded as of generalized Kerr-Schild form, with a spacelike-squashed AdS 3 background metric.
CSI Type III: Deformations of Round AdS 3
Here, we shall explicitly obtain solutions of TMG that have Petrov-Segre type III CSI Kundt metrics. Any type N or type III Kundt solution must be of this form. The general solutions here are deformations of the round AdS 3 . For a negative cosmological constant, there are three families of solutions: W 1 = −2m, W 1 = −2m coth(mρ), and W 1 = −2m tanh(mρ).
The W 1 = −2m family includes the AdS pp-wave solution. The other two families are similar, and so we shall be more brief in their discussion. Where applicable, we shall also consider the extension of these families to zero or positive cosmological constant.
4.1
The W 1 = −2m family
Solutions
Negative cosmological constant: From (2.13), we have
We consider separately the cases µ = ±m, µ = m and µ = −m.
taking f 12 = 0, as in the general case. From (2.14), we have
The general solution is
.
By a coordinate transformation of the form v = v + F (u)e 2mρ , we can set f 02 = 0. We can also set f 03 = 0 by a coordinate transformation of the form (2.9). Specifically, we have
which preserves W 0 = 0 and f 12 = 0, and take u( u) to satisfy the differential equation that removes f 03 :
where {u, u} is the Schwarzian derivative (3.10). The general solution of TMG that follows is
where
From (2.14), we have
After again removing two redundant functions of u by coordinate transformations, we obtain the solution
(4.14)
Zero cosmological constant: The zero cosmological constant solution is
(4.15)
Positive cosmological constant: There is no positive cosmological constant analogue, since sending m → im would give complex W 1 .
Properties
The solutions are generically of Petrov-Segre type III, but in special cases are type N (or O). If a solution is type N, then (2.18) vanishes, with α = 0, and so f ′ 1 = 0, and so f 11 = 0. We may also see the Petrov-Segre type by decomposing the traceless Ricci tensor. The traceless Ricci tensor is of the form
k is the null vector k µ ∂ µ = ∂/∂v, which has associated 1-form k µ dx µ = du. We define the unit spacelike vector s µ ∂ µ = ∂/∂ρ, which has associated 1-form s µ dx µ = dρ − 2mv du. The spacelike vector m is The covariant derivatives of s and k are making the coordinate change v → ve 2mρ , we have 22) which is recognisable as AdS 3 .
Therefore the general solution can be regarded as a deformation of the round AdS 3 .
Furthermore, it can be regarded as of generalized Kerr-Schild form, with a round AdS 3 background metric.
4. 
We consider separately the cases µ = ±m, µ = m, µ = −m. µ = ±m: From (2.14), we have
(We have used coordinate transformations to discard two arbitrary functions of u, corresponding to f 0 (u, ρ)/(1 − e −2mρ ) = e 2mρ f 02 (u) + f 03 (u).) We have presented the f 2 11 coefficient, which does not seem to be expressible in closed form, in integral form by composing inverses of differential operators. It is possible to instead give the coefficient in terms of a single integral by using a Green function.
We therefore have
where 
We therefore have 
and so
where Ei(x) := − ∞ −x dt t −1 e −t is the exponential integral. From (2.14), we have
with, after using coordinate transformations to discard two arbitrary functions of u, 3 and so
(4.45)
Again, the solution has Petrov-Segre type III for the generic case f 11 = 0, type N for f 11 = 0 and f 01 = 0, and type O for f 11 = 0 and f 01 = 0, which is maximally symmetric. The type N solution is distinct from the AdS pp-wave.
Negative cosmological constant: For the f 11 = 0, f 0 = 0 solution, making the coordi-
we have we have
which can be recognised as flat spacetime.
Positive cosmological constant: For the f 11 = 0, f 0 = 0 solution, making the coordi-
we have Positive cosmological constant: The positive cosmological constant analogue has already been considered in Section 4.2 when considering W 1 = −2m coth(mρ).
Again, the solution has Petrov-Segre type III for f 11 = 0, type N for f 11 = 0 and f 01 = 0, and type O for f 11 = 0 and f 01 = 0.
For the f 11 = 0, f 0 = 0 solution, if we definê background metric.
Conclusion
We have constructed all Kundt spacetimes that are solutions of TMG. The general solution is reduced to a series of ordinary differential equations: (2.12), which is non-linear, and then (2.13) and (2.14), which are linear. We have given explicitly, by solving the differential equations explicitly, those with the further specialisation that their scalar polynomial curvature invariants are all constant. There are several families of such solutions; they fall into two broad classes, one of which has Petrov-Segre type II and is a deformation of biaxial spacelike-squashed AdS 3 , whilst the other is of Petrov-Segre type III and is a deformation of the round AdS 3 . We have found that Kundt solutions of types D, N and III have constant scalar polynomial curvature invariants.
In this paper we have focussed purely on the construction of the local form of the Kundt solutions. It is of considerable interest to investigate global structure, and in particular to examine their asymptotic behaviour at infinity. In [30] it is shown that solutions of the W 1 = −2m family of the CSI type III class obey the standard Brown-Henneaux boundary conditions [28] for µ > m, while for µ = m they obey a weaker version of those boundary conditions [29] . In [30] it is also shown that the remaining CSI type III solutions do not obey either of these boundary conditions.
A further generalization would be to drop the expansion-free condition ∇ µ k µ = 0 for the geodesic null vector field. These are known as Robinson-Trautman solutions. The local construction of all solutions of TMG would be completed by finding the most general such solution, but would be a considerably more formidable task.
